
Statistical Modelling And Inference Using
Likelihood: A Comprehensive Guide
Statistical modelling is the process of using data to create a model that can
be used to make predictions or inferences about the population from which
the data was drawn. Inference is the process of using the model to make s
about the population. Likelihood is a measure of how well a model fits the
data. It is used in both model fitting and inference.

Likelihood Functions

A likelihood function is a function that measures the probability of observing
the data given the model. It is often written as:
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$$L(\theta | x) = P(x | \theta)$$

where:
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* \(L(\theta | x)\) is the likelihood function * \(\theta\) is the model parameter
* \(x\) is the data

The likelihood function is often used to estimate the model parameters. The
maximum likelihood estimator (MLE) is the value of the model parameter
that maximizes the likelihood function. The MLE can be found by solving
the following equation:

$$\frac{\partial L(\theta | x)}{\partial \theta}= 0$$

The MLE is a point estimate of the model parameter. It is often used to
make inferences about the population from which the data was drawn.

Hypothesis Testing

Hypothesis testing is the process of using data to test a hypothesis about
the population from which the data was drawn. The hypothesis is typically a
statement about the value of the model parameter. The null hypothesis is
the hypothesis that the model parameter is equal to a specified value. The
alternative hypothesis is the hypothesis that the model parameter is not
equal to the specified value.

To test a hypothesis, we first calculate the likelihood ratio:

$$LR = \frac{L(\theta_0 | x)}{L(\theta_1 | x)}$$

where:

* \(LR\) is the likelihood ratio * \(\theta_0\) is the null hypothesis parameter
value * \(\theta_1\) is the alternative hypothesis parameter value



The likelihood ratio is a measure of how much more likely the data is under
the null hypothesis than under the alternative hypothesis. A large likelihood
ratio means that the data is much more likely under the null hypothesis
than under the alternative hypothesis. A small likelihood ratio means that
the data is about as likely under the null hypothesis as it is under the
alternative hypothesis.

We can use the likelihood ratio to test the hypothesis using a chi-squared
test. The chi-squared statistic is:

$$\chi^2 = -2\ln(LR)$$

The chi-squared statistic is distributed as a chi-squared distribution with
degrees of freedom equal to the difference between the number of
parameters in the null and alternative hypotheses. We can use the chi-
squared distribution to calculate the p-value for the hypothesis test. The p-
value is the probability of observing a chi-squared statistic as large as or
larger than the one we calculated. A small p-value means that the data is
very unlikely under the null hypothesis. A large p-value means that the data
is fairly likely under the null hypothesis.

If the p-value is less than the pre-specified significance level, we reject the
null hypothesis. If the p-value is greater than the pre-specified significance
level, we fail to reject the null hypothesis.

Model Selection

Model selection is the process of choosing the best model from a set of
candidate models. The best model is the model that best fits the data and



has the fewest parameters. There are a number of different criteria that can
be used to select the best model, including:

*

Akaike Information Criterion (AIC): The AIC is a measure of the
goodness of fit of a model. It is calculated as:

$$\text{AIC}= -2\ln(L(\hat{\theta}| x)) + 2k$$

where: * \(\hat{\theta}\) is the MLE of the model parameter * \(k\) is the
number of parameters in the model

The model with the lowest AIC is the best model.

*

Bayesian Information Criterion (BIC): The BIC is another measure of the
goodness of fit of a model. It is calculated as:

$$\text{BIC}= -2\ln(L(\hat{\theta}| x)) + k\ln(n)$$

where: * \(n\) is the sample size

The model with the lowest BIC is the best model.

*

Cross-validation: Cross-validation is a technique that can be used to
estimate the predictive performance of a model. It involves splitting the data
into a training set and a test set. The model is fit to the training set, and the



predictive performance of the model is evaluated on the test set. The model
with the best predictive performance is the best model.

Bayesian Inference

Bayesian inference is a type of statistical inference that is based on Bayes'
theorem. Bayes' theorem is a mathematical formula that allows us to
calculate the probability of a hypothesis given some data. It is written as:

$$P(\theta | x) = \frac{P(x | \theta)P(\theta)}{P(x)}$$

where:

* \(P(\theta | x)\) is the posterior probability of the hypothesis * \(P(x |
\theta)\) is the likelihood function * \(P(\theta)\) is the prior probability of the
hypothesis * \(P(x)\) is the marginal probability of the data

The posterior probability is the probability of the hypothesis given the data.
The likelihood function is the probability of the data given the hypothesis.
The prior probability is the probability of the hypothesis before any data is
observed. The marginal probability of the data is the probability of the data,
regardless of the hypothesis.

Bayesian inference can be used to make inferences about the model
parameters. The posterior distribution of the model parameters is the
distribution of the model parameters given the data. The posterior
distribution can be used to calculate the mean, variance, and other
properties of the model parameters.

Statistical modelling and inference using likelihood is a powerful tool for
understanding data. It can be used to make predictions about the



population from which the data was drawn, to test hypotheses about the
population, and to select the best model from a set of candidate models.
Bayesian inference is a type of statistical inference that is based on Bayes'
theorem. It can be used to make inferences about the model parameters
using the posterior distribution of the model parameters.
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The California-Born Diners, Burger Joints, and
Fast Food Restaurants That Changed the World
California is known for many things, but its fast food scene is one of its
most iconic. From In-N-Out to McDonald's, some of the most well-known
fast food...
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